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COMPARISON THEOREMS FOR HOMOGENEOUS LINEAR DIFFER- 
ENTIAL EQUATIONS OF GENERAL ORDER.* 

By R. D. Caemichabl. 

Introduction. 

The fundamental notion of adjoint systems of boundary conditions 
associated with adjoint linear differential equations of order n, first 
defined in a general manner by Birkhoff,t is fruitful of interesting con- 
sequences concerning the relation between solutions of two linear differ- 
ential equations. In particular it leads to certain extensions of one 
of Sturm's classical theorems of comparison^ to equations of order higher 
than the second. The purpose of this paper is to set forth some of the 
results which thus emerge. The theorems obtained may be compared 
with certain other related results which are likewise of the nature of 
Sturmian theorems. § 

After deriving preliminary formulae concerning Lagrange adjoint 
differential equations in § 1 and concerning Birkhoff adjoint linear forms 
in § 2 (for which no essential novelty is claimed), I give in § 3 the two 
general theorems of comparison of the paper. These are of considerable 
generality and may be employed in an easy way to derive numerous 
more special theorems of comparison. In particular, it is pointed out 
that the first of these general theorems contains as a special case Sturm's 
classical theorem of comparison for linear homogeneous binomial equa- 
tions of the second order. In § 4 I give four of the more elegant specific 
consequences of the general theorems of comparison. Finally, in § 5 I 
consider briefly a case in which one of the two equations involved has 
special form and show by an example how the theorem obtained may be 
employed to yield information concerning the zeros of solutions of certain 

* Presented to the American Mathematical Society (Chicago), April, 1917. 

t G. D. Birkhoff, Transactions of the American Mathematical Society, vol. 9 (1908), pp. 
373-395. See also, in the same journal, a further treatment of adjoint systems by M. Bdcher, 
vol. 14 (1913), pp. 403-^20, and by D. Jackson, vol. 17 (1916), pp. 418-424. As a matter of 
fact it is possible to state our principal results without reference to Birkhoff's notion of adjoint 
conditions; but that notion was the guide in tTie investigation and illuminates the results obtained. 

X C. Sturm, Journal de mathSmatiques, vol. 1 (1836), pp. 106-186. See also M. Bdcher, 
Bulletin of the American Mathematical Society, ser. 2, vol. 4 (1898), pp. 295-313, 365-376. 

§ See G. p. Birkhoff, Annah of Mathematics, vol. 12 (1911), pp. 103-127; A. Davidoglou, 
Annales de I'Ecole Normale Supdrieure, ser. 3, vol. 22 (1905), pp. 539-565; O. Haupt, Disser- 
tation, Wurzburg, 1911. 
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types of equations. The general treatment of the matter raised by this 
example is reserved for later consideration. 



§ 1. Preliminary formulae. 
In connection with the linear differential expression 

, , d"u d/'-^u du ^ . .,. 

L{u) = ^»d^ +^»-id^ + ••• + ^^dx" + ^o« (1) 

let us consider also the Lagrange adjoint expression 

M{V) = (- 1)» ^„ {InV) + (- 1)"-1 ^ {In-,V) + • • • + ^ ihv) + Uv. 

Arranging the latter according to the derivatives of v we write it in the 
form 

d""v d^ — ^v dv 

M(v) =m„^ + Mn-i ^^^i + ■■■ + w^l ^ + rriov, (2) 

where 

(- l)"TOn = In, 

(- 1)«-1to„_i = In-i - nl„', 

(- l)«-^m„_2 = ln-2 - (n - l)Z„_i' + (!?i^^ ;„", 



(- l)»-3TOn_3 = l„-3 - (n - 2)Z„_2' 



(3) 



(n - 2)(n - 1) „ _ (n - 2)(n - l)n ,„ 



Here we assume that the functions* h, In-i, ■ • -, h, lo are continuous in 
the (finite) interval defined by the inequahties a ^ x ^ 6 and that l„ is 
of one sign, say positive, in (ab). Moreover, we suppose that the deriva- 
tives of li, i = 1, 2, • • •, n, exist up to order i inclusivef and that these 
are continuous in (ab). 



* All functions employed in the paper are assumed to be real-valued single-valued and con- 
tinuous functions of the real variable x. 

t As Bdcher has pointed out (1. c, p. 415), the demand for the existence and the continuity 
of the derivatives of the I's may be omitted in case one considers a system of n forms of the first 
order in place of the single form L{u) of the reth order. (Compare also B6cher, 1. c, p. 404, first 
footnote.) 
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If we write 



R{u, V) = [U] ^^, + [ In-rv - ^ (InV) J ^ 






[ilt'-^a2«^) 



(4) 



then it is well known* and easily verified that 

vL(u) -uM(v)^^{R(u,v)}. (5) 

We now introduce also the forms 

Piy) - p»^ + P^-^d^r+ ■■■+Pri+Poy (6) 

and 

D{y) ^ Piy) - M(y). (7) 

Here we assume that the functions p„, Pn-ilPn, Pn-2/pn, • • •, Polpn of x are 
continuous in (ab). 

We shall uniformly employ the notation Uk, Vk, yu, for various sub- 
scripts k, to denote particular solutions of the differential equations 

L{u) = 0, M{v) = 0, P{y) = 0, (8) 

respectively. From the relations Liu,) = and Piyi) = we have 
ytL(us) — UsP{yt) = 0; whence, in view of (5) and (7), it follows readily 
that 

^ {R{Us, yd } - D(yt)us = 0. (9) 

Thence, if a and ^ are in (ab), we have 

Riu,, yt) iSf = f D{yt)u4x. (10) 

§ 2. Adjoint linear forms associated with adjoint linear differential equations. 

Let us denote the A;th derivative with respect to x of any function ff 
by gr<*> with the understanding that g'-"'' = g. Let a and /3 be any two 

* See, for instance, Forsyth's Theory of Differential Equations, vol. IV, p. 252. 
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points in (ab) and take a < 0. By Wi, W2, • • •, W-m we denote any 2n 
linearly independent homogeneous forms 

TO In 

Wi = Wi(u) = T.CiiU('-'Ka) + E c,y«"-"-i>(^), i = 1, 2, • • ., 2n, (11) 

in the 2n arguments u{a), u'{a), • • •, M<"-i>(a), m(j3), m'(/3), • • •, m<"-")(;8). 
We denote by D the determinant of these forms: 

T> = \cii\. 

With the linear forms (11) Birkhoff (1. c, p. 375) has associated a second 
set of linear homogeneous forms Vi, Vi, ■ • -, V-m in the same 2n arguments 
which we may call the set adjoint to PFi, W^, • • •, W-m with respect to the 
differential expression L(u) and the points a and fi. They are defined by 
the relation 

i:Wi{u)Vi{y)^R{u,y)\lzt (12) 



2k 

z 

t=l 



which is to subsist as an identity in u and y and their derivatives at the 
points a and /S. 

It is clear that the second member of (12) is a bilinear form in the 
two sets of variables u{a),u'{a), • ■ •, «<"-!>(«), u(0), u'(0), ■ • ■, u'-''~^^(l3) 
and y{a), y'{a), ■ ■ ■, 2/<''-»(a), y{^), y'{ff), ■ ■ ■, 2/<"-"(^)- In view of (4) 
we may write 

» 2to 

R{u, y) \%=t = E ri,u"-»(a)2/<^--»(a) + Z r.-,«c-"-i)(^)2/«-"-i)(^), (13) 

where the coefficients r^ are independent of u and y but in the first sum- 
mation are functions of a and in the second are functions of j3. The 
quantities r,y, i, j = 1, 2, • • -, 2n, not entering into (13), we take to be 
zero. Then we see that r,, = when either subscript is greater than n 
and the other is not greater than n. Also, from (4) it follows that r,v,- = 
a i ^ n, j 'S n and i -\- j > n + 1; and again that r,-,- = ii i > n, 
j > n and i+j — 2n>n + l. By R we denote the determinant of the 
bilinear form (13) ; we have 

R = |r,y| = {Ua)lM\", (14) 

a value which is different from zero since !„ does not vanish in (a/3) . 

That the forms V are indeed uniquely determined by (12) follows from 
the fact that D #= 0. We denote them by 

VM = i:7.y2/"-"(«) + £ T.y2/"-"-"(^), i = 1, 2, ■ ■ ■, 2n, (15) 

J'=l J=K + 1 
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and their determinant by A : 

A = bui- 
lt is easy to see that we have 

Z!c<y7i, = Tj,, j. s = 1,2, ■• •, 2n. (16) 

Thence it follows that DA = R. Hence A =f= and the forms V are 
therefore linearly independent. Clearly, then, the forms Wi, •••, Win 
are adjoint to the forms Vi, • • ■, Vin, so that the relation between the 
W's and the Vs is reciprocal. Moreover, the coefficients yis may be 
determined from (16) in terms of the coefficients dy and vice versa. 

In accordance with Birkhoff's definition (1. c, p. 375), as extended by 
B6cher (1. c, p. 418), we shall say that the two sets of boundary conditions 

W.iu) = 0, V,(y) = 0, (17) 

where o- runs over m numbers of the set 1, 2, • • ■ , 2n and p runs over the 
remaining 2n — m numbers of this set, are adjoint with respect to the differ- 
ential expression L(u) and the points a and jS. The most important case, 
namely that in which m = n, is the one of Birkhoff's original definition. 

In the case when m = n, ii an interchange of y and u in (17) merely 
interchanges the two sets of conditions* we say that the boundary con- 
ditions W = in (17) are self-adjoint. If an interchange of y and u 
and of a and /S in (17) interchanges the two sets of conditions* we say 
that the boundary conditions TF = in (17) are skew-self-adjoint.^ 

It is usually desirable to choose the notation so that <r in (17) runs 
over the first m or the last m integers of the set 1, 2, ■ • ■, 2n and p over 
the remaining 2n — m of these integers. If we assume for the moment 
that a runs over the set 1, 2, • • •, m we shall see from (16) that the second 
set of conditions in (17) depends only on the conditions Wi = 0, • • •, 
Wm = and not at all on the remaining W's, in the sense that a variation 
in the choice of Wm+i, • • • , Win merely replaces the conditions Vm+i = 0, 
• • • , Vin = by a set of equivalent conditions. Moreover, if the condi- 
tions Wi = 0, ■ • -, Wm = are replaced by any set of equivalent conditions 
the resulting set of conditions Vm+i = 0, • • • , Vin = are again equivalent 
to the old. For, in view of the conditions Wi = 0, • • • , Wm = the sug- 
gested changes are all allowed for by replacing dj by d/, where 

m 

Ci/ = HduCkj, i = 1,2, • • ■, m; 



* It is not necessary that the mdividual equations shall be preserved; it is suiBcient if the 
conditions are replaced by equivalent conditions. 

1 1 believe that the notion of skew-self-adjoint conditions has not been employed before. 
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Cj/ = 12 dikCkj, i = m + 1, • • -, 2n. 

k=m+l 

In view of (16) we see that this is equivalent to replacing 7,^ by 7,/ where 
Ji/ = Hd^iyks, i = 1, 2, ■ • ■, m; 



2» 



Z^ dki 



7*s 



i = m + 1, • • -, 2n. 



We now define a particular pair of adjoint forms special cases of which 
we shall employ later: Let a and t be two integers (the same or different) 
of the set 0, 1, 2, ■ ■ ■, n — 1. Then for the W's we take the following 
forms : 



Wi{u) = «<•'-!>(«) - kiu'-''^(a), 1 ^i ^n, i =^ a + 1; 

Wi{u) = M <*-"-« (;8) - kiU^-'^iP), n + 1 ^i ^2n, 

i+n + T + 1; TF„+^i(«) =mW(/3).J 



(18) 



Here k, ki, ki, ■ • -, kin are constants. (Given any solution u of the equa- 
tion L{u) =0 and any points a and j3 in {ah), it is clear that <r and t 
exist so that corresponding constants k may be found in such way that 
Wi = Q for all values i of the set 1, 2, ■ • •, 2n except i = w + r + 1. 
It is this fact which suggests the use of this particular set of forms.) It is 
clear that these forms are linearly independent and of determinant unity. 
They are the special case of forms (11) in which 



Cii = 1; Cf, „+i = — ki, i + <r + 1 and i S n; 

c<r+i, n+T+i = — k; Ci, n+T+i = — ki, i ^ 11 + T + 1 aud i > n; 

Cij = in all other cases. 



(19) 



Let Vi, V2, • • -, Vin be the forms which are adjoint to the TF's in (18). 
By means of (16) we see that these forms are the special case of (15) in 
which 



7;. = Tj,, j, s = 1,2, ■■•,2n, j 4= 0- + 1, i 4= » + T + 1; 

n 

7a+i.» = 1Lk,Tis, s = 1, 2, • • •, 2n, k„+i = 1; 



2n 



7„+^+i, , = X) kiTi, +k12 kiri 

i=n+l «=1 



s = l, 2, ■■■,2n, 



k 



n+T+l 



= 1. 



(20) 
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These values reduce to simpler forms for certain subscripts s in view of 
the fact that many of the quantities r.y have the value zero, as we saw 
above. 

Let us consider the special case m which a = n — 1, t = 0, ki = 
(i 4= n or n + 1), k = 0. Then the conditions W„ = 0, a = 1, 2, ■ • •, 
n — 1, n + 1, are 

u{a) = 0, u'ia) =0, • • •, •m("-2)(«) = 0, «(/3) = 0. (21) 

For this special case it is easy to see through either (20) or (12) that the 
adjoint conditions are equivalent to 

y(a) = 0, 2/(/S) = 0, j/'(/3) =0, • • •, 2/<"-^>(/S) = 0, (22) 

the first of these being precisely F„ = and the others on account of the 
relation y„ = being equivalent to the remaining set of conditions 
Vn+2 = 0, • • •, Vin = 0. In (21) and (22) we have a simple example of 
skew-seK-adjoint boundary conditions. These conditions, with the 
exception oi y(a) = 0, are employed in the first theorem of § 4 and similar 
sets in the remaining theorems of that section. 

When the reader has reached the first and second theorems of § 4 he 
will see that several analogous theorems may be obtained through the 
use of certain skew-self-adjoint conditions based on special cases of the 
forms (18) similar to those introduced in the last preceding paragraph. 

§ 3. General theorems of comparison. 

We are now in position readily to prove the following theorem: 

First general theorem of comparison. Let ui be any solution of 

the equation L{u) =0 which does not vanish in the interior of an interval 

(a/3) lying in (ab); for definiteness say that it is positive* in the interior 

of (afi). Let j/i be a solution of the equation P(y) = so related to ui that 

^(«i' 2/i) ill! = 0. (23) 

Suppose that the coefficients of L{u) and P{y) are so related that pk — nik 
does not change sign in (afi) for any k of the set 0, 1, 2, • • ■, n. Then, if pk 
is different from nik for some k of the set 0, 1, 2, • • •, n and some x of (a/3), 
at least one of the quantities y/*', A; = 0, 1, 2, • • •, n, for which the corre- 
sponding Pk — nik is different from zero at some point in (a^), vanishes in 
the interior of (a/8), provided that, for every kfor which p* — m* + in (a^), 
the two functions 

Pk — mk and 2/i<*> 

have the same sign at a point Pk in (ajS). 

* It is obvious that we have a like result obtained by giving to u and y signs opposite to 
those used in the theorem. 
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The point Pk may well be taken at a or at (S if pk — Wt, when not 
identically zero in {a^), is different from zero at either of these points. 
It is obvious that condition (23) may be replaced by 

2m 

ETF.(«i)F,(2/i) ^0, (24) 

where TFi, • • •, W^n and Fi, • • •, V^n are any two sets of adjoint forms, in 
the sense of the definition in § 2. This condition is satisfied in particular 
if Wi and Vi have opposite signs when neither of them is zero. As a very 
special case, it is satisfied if «i and yi satisfy adjoint boundary conditions 
defined for the interval (a/3) and with reference to the differential ex- 
pression L{u). 

The proof of the foregoing theorem is based on equation (10), which 
for the case before us may be written in the form 

+ J (p„_i - ■m„_i)j/i("-»Midx + • • • (25) 

+ 1 (Pi — mi)yi'uidx + j {po — m^yiUidx. 

^ a. *^a 

We now obtain the proof by showing that (25) yields a contradiction if 
we assume that no one of the quantities j/i^*\ A; = 0, 1, 2, • • • , n, for which 
the corresponding Pk — nik is different from zero at some point in (a/S), 
vanishes in the interior of (ajS). Now by the hypothesis of the theorem 
each integrand in (25) whose factor pk — rrik is not identically zero in (aj3) 
is positive at some point in {a0). From the hypothesis and the assump- 
tion just made it follows that no one of these integrands can change sign 
in (ajS). Hence at least one of the integrals in (25) has a positive value 
and no one of them has a negative value. But this contradicts (23). 
On account of this contradiction we conclude to the truth of the theorem. 

In a similar manner we prove the following : 

Second general theorem of comparison. Let y^ he any solution 
of the equation P{y) = for which t/2'*' and pk — nik {k = 0, 1, 2, • • •, n) 
have the same sign in an interval (a/3) of (ab) at every point for which neither 
is zero. Let Ui he a solution of the equation L{u) =0 which is positive at 
some point in (afi) and for which we have 

R(u„ y,) r' ^0 ( or £ Wi{u,) Vi{y,) g ) . (26) 

\x=a. \ i=l / 

Then if Pk is not identically equal to mk for every k of the sei 0, 1, 2, •••,», 
U2 vanishes in the interior of (ajS). 
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This result follows at once from the relation obtained from (25) by 
replacing yi and ui throughout by 2/2 and U2, the method being to assume 
that Ui does not vanish in the interior of {a0) and thus arrive at a contra- 
diction of (26). 

We point out some special cases of the foregoing theorems. 

Note that the points a and /S in the first of the theorems may be in 
particular two consecutive zeros of ui. 

In case Pk = mj, in {a^) for every k of the set 0, 1, 2, • • •, n, except 
k = s,\i follows from the first of the foregoing general theorems that yi '*' 
has a root in the interior of {a^). In particular, if p* = m* for A; = 1, 2, 
• • •, n, but po ^ wio in {afi) then j/i has a root between a and /3. 

The last particular case of our general theorem contains as a very 
special instance the following classical theorem of Sturm: 

Let Ui be a solution of the equation u" + Uu = 0. Denote by a 
and /3 two consecutive zeros of U\. Let yi be a solution of the equation 
y" + VoV — 0- Then j/i vanishes between a and /3 provided that po S lo 
in (a;8), the equality sign not holding throughout (a/3). 

If 2/1 does not vanish between a and ^ it is of one sign between a and /3. 
We shall therefore suppose that ui and yi are both positive between a 
and jS and show that (23) then holds, a result which requires that 1/1 
vanish between a and /3 in accordance with the foregoing general theorem 
of comparison. (Observe that mo is now equal to U.) We have 

Riy-i, yi) = ui'yi - «i2/i'- 

Hence (23) reduces to «i'(/3)2/i(/S) - Uiia)yi{a) S 0. That this in- 
equality is now verified is easily shown by observing that ui(a) is positive 
and «i'(/3) is negative while yi{a) and yi{0) are positive or zero. 

In the second of the foregoing theorems we may take a and ^ as two 
consecutive zeros of 2/2 provided that pk = to* in {a0) iov k = 1, 2, • • •, n 
but po + Wo in (ajS). The theorem asserts then that M2 vanishes between 
the two consecutive zeros a and /3 of y^. It is easy to formulate in a 
similar way less special cases of the same theorem. 

§ 4. Certain specific theorems of comparison. 

By means of the first general theorem of comparison we may readily 
prove the following: 

First specific theorem of comparison. Let a he a point in {ah) 
and let U3 he a solution of the equation L{u) = for which Uz{a) = 0, 
Uz'ia) =0, •••, 'M3<"~^>(a) = 0. Let /3 he the leftmost point {assumed 
existent) to the right of a in {ah) for which uz{P) = 0. Let yz be a solution 
of the equation P{y) = for which yi{0) = 0,yz'{p) = 0, • • ■, 2/3<""'K;8) = 0. 
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Then, if, for A; = 0, 1, 2, ■ • -, n, we have 

Pi S m* or pk ^ nik in (afi), 

according as k is even or odd, the equality sign not holding throughout (a/S) 
for every k, at least one of the functions j/a^*^ k = 0, 1, 2, • • -, n, for which 
the corresponding difference Pk — nik is not identically zero in (ap), has a 
root in the interior of (afi), except when pk = nikfor k = 0, 1,2, • • -, n — 1, 
in which case either 2/3 <"* vanishes between a and ^ or all the functions ys, y^, 
2/3") • ■ •) 2/3 ^"~^^ vanish between a and )3. 

Under the hypothesis it is clear that «3<"~i^(a) and 2/3'"~"(/3) are 
different from zero. We assume (as we may without loss of generality) 
that Uz is positive in the neighborhood of a to the right and that 2/3 is 
positive in the neighborhood of /3 to the left. Then it is clear that Uz 
is positive near a to the right, and thence in turn that Uz", Uz" , ■ • ■ , 
M3'"~" are positive near a to the right. In a similar way it may be seen 
that 2/3' is negative near /8 to the left, 2/3" is positive near /3 to the left, 
2/3'" is negative, • • •, 1/3^""" is positive or negative near /3 to the left 
according as n is odd or even. 

In view of (4) and the facts just adduced we see from the first general 
theorem of comparison that the above specific theorem is true if 



i»(«)2/3(«)M3^"-»(«) S 0, 



and hence if yz{,d) S 0. But if j/sCa) < 0, 2/3 has a root in the interior 
of (a/8); whence it follows readily that the functions 2/3', 2/3", • • •, 2/3^""" 
all have roots in the interior of {,a^). Hence the theorem is true in any 
case. 

It is easy to see that we have the following corollary: 

Corollary. If pk — nik = in (a/S) for A; = s + 1, s + 2, • ■ -, n, 
s < n, then y^'-'' has a root in the interior of (afi). 

Again from the first general theorem of comparison we may derive 
the following; 

Second specific theorem of comparison. Let Ui be a solution of the 
equation L{u) = for which uS) = 0, Ui'iff) =0, • ■ •, ■U4<"~^>(i3) = 0. 
Let a be the rightmost point {assumed existent) to the left of /3 in (ab) for which 
Ui{a) = 0. Let y^be a solution of the equation Piy) = for which y 4,(0) = 0, 
yi'{a) =0, • • ■, 2/4<"-^>(a) = 0. Then, if, for k = 0,1,2, ■■■, n, we have 

Pk = nik or Pk ^ TO* in (a/3) 

according as n is even or odd, the equality sign not holding throughout (a/S) 
for every k, at least one of the functions 2/4^*^ k = 0, 1, • • • , n, for which the 
corresponding difference pk — mk is not identically zero in (aP), has a root 
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in the interior of {aj3)j except when pk = nik for k = 0, 1, ■ ■ • , n — 1, in 
which case either y/"^ vanishes between a and p or all the functions y^, yi, 

• • •, 2/4'""^' vanish between a and fi. 

Under the hypothesis it is clear that ■M4^"~"(i3) and j/4*"~^Ka) are 
different from zero. We assume (as we may without loss of generality) 
that M4 is positive near ,8 to the left and that 1/4 is positive or negative 
near a to the right according as n is even or odd. Then yi, y^", • • • , 
2/4 ("~i) are positive or negative near a to the right according as n is even 
or odd. Also, ■M4'*', A; = 0, 1, • ■ •, n — 1, is positive or negative near p 
to the left according as k is even or odd. 

In view of these facts and equation (4) we see from the first general 
theorem of comparison that the foregoing specific theorem is true if 

and hence if yti^) ^ when n is odd and if 2/4O) = when n is even. 
But if 2/4 O) > and n is odd or if 2/4 (j3) < and n is even, it is clear that 
2/4 has a zero in the interior of (a^) ; whence it follows readily that the 
functions 2/4', 2/4", • • •, 2/4 '"~^> vanish in the interior of (a/3). Hence the 
theorem is true in any case. 

CoHOLLARY. 7/ p* — TOi = in {a0) /or it = s + 1, s + 2, • ■ ■, n, 
s < n, then yi'-'^ has a root in the interior of (a/S). 

It is clear that other particular theorems analogous to the foregoing 
may readily be obtained in a similar manner through the use of skew- 
self-adjoint boundary conditions in which n — 1 of the n conditions 
involve a single point. (Compare the last remark in § 3.) 

From the second general theorem of comparison one readily derives 
the following result: 

Third specific theorem of comparison. Let a be a point in (ab) 
andys,be a solution of the equation P{y) = for which y^ia) = 0,yi{a) = 0, 

• • ■) 2/5^"~^'(«) = 0. Let j3 be the leftmost point (assumed existent) to the 
right of a in (ab) for which Y vanishes, where Y is the product of those func- 
tions 2/5^*^ (A; = 0, 1, 2, • • • , n) for which the corresponding difference pk — mk 
is not identically zero in (a^), the assumption being that such a product is 
existent. Furthermore, let every such difference pk — mk (when not zero) be 
throughout (a^) of the same sign* as 2/5^"~^'(«)- Let % be a solution of the 
equation L(u) =0 which is positive at some point in (afi) and satisfies the 
condition 



R(ui, yi) 



[or |:TF,(u5) 7.(2/5) ^0]. 



Then this function Uf, vanishes in the interior of (a0). 

* It should be observed that this sign is determined by the other conditions on y to within a 
simultaneous change of sign of all the quantities y'", k = 0,1,2, • ■•,n. 
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For the proof it is suflficient to observe that the functions 2/5^*' entering 
into the product Y have in the interior of (a/3) the same sign as 2/5'""'' (a). 
In a similar manner the following result is obtained: 
Fourth specific theorem of comparison. Let ^ he a point in {ah) 
and let y^ he a solution of the equation P(y) = for which yeiP) = 0, 
2/6'(i8) =0, •••, |/6^"~^'(;8) = 0- Let a he the rightmost point (assumed 
existent) to the left of fi in (ab) for which Yi vanishes, where Yi is the product 
of those functions j/e'*^ (A; = 0, 1, 2, • • -, n) for which the corresponding 
difference pk — m* is not identically zero in (a/3), the assumption heing that 
such a product is existent. Furthermore let every such difference pk — mt 
{when not zero) he throughout (aj8) of the same sign* as j/e* in the neighbor- 
hood of (8 to the left. Let Ue he a solution of the equation L{u) =0 which is 
positive at some point in (a/3) and satisfies the condition 



R{U6, 2/6) 



•=3 



[or ZTF^Me) 7.(2/6) ^0]. 



Then this function u^ vanishes in the interior of (a/3). 

§ 5. Concerning a case in which P(y) has special form. 

By means of the second general theorem of comparison we may readily 
prove the following: 

Theorem. Let a and /3 be two consecutive zeros in (afe) of a solution 
2/7 of the equation P{y) =0 and suppose that each of these zeros is of order 
n — 1. Suppose further that the products 2/7'*' {pk — mk), k = 0, 1, 2, 
• ■ ■, n, are all non-negative or all non-positive in (a/3). Then any solution 
Ut of the equation L{u) = vanishes between a and /3 provided that pk — mk 
is not identically zero in (a/S) for every k of the set 0, 1, 2, • ■ •, n and provided 
that Pq — mo is negative for some point in (a/3) when n is even or 

Zn(^)2/7<"-»(^)M7(^) ^ ln{a)yr'"-'Ka)ur{a), (27) 

when n is odd. 

We shall prove this by supposing that U7 does not vanish between 
a and /S and thus obtaining a contradiction. We then take «7 to be 
positive between a and j3. We choose the sign of 2/7 so that the products 
2/7**Kp* — w^ife) are all non-negative in (a/3). We have 

R{u7,y,)\lZt = (- l)"-^^n2/7<"-"^^7|Kf 

= .(- l)'-H«n(^)2/7<"-^>(/3)M7(/3) - ;„(a)2/7<"-»(a)M7(a)]. ^^^^ 



* It should be observed that this sign is determined by the other conditions on y to within a 
simultaneous change of sign of all the quantities 2/'**, fc = 0, 1, 2, • ••, n. 
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From the second general theorem of comparison it follows that for the 
conclusion of the theorem it is sufficient that the last member of (28) 
shall be not greater than zero. When n is odd this condition is necessi- 
tated by (27). That the condition is satisfied when n is even follows from 
the fact that we then have 2/7 '"""(«) negative and yy^"~^^iP) positive, the 
latter statements being true as one sees through the fact that 2/7 is negative 
between a and ^ and has at these points zeros of order n — 1. 

It is clear that the foregoing theorem is best suited to applications to 
equations of even order. We shall indicate the character of its usefulness 
by applying it to a special form of the self-adjoint equation of the fourth 
order, namely, 

u"" + \u" + \^<pu = 0, (29) 

where ^ is a function of x which is continuous in (ab) and X is a real para- 
meter independent of x. 

As an equation of comparison we take 

y"" + lOky + 9k^ = 0, k = const., (30) 

which has the solution y = cos^ k(x — c). In order that the theorem 
shall apply we must have 

lOk^ = X, Qk* - XV ^ 0. (31) 

Therefore we assume that 

<P S jU in (ab), 

so that both conditions (31) are satisfied when lOk^ = X. For a; > 6 we 
take for <p{x) the value <p{b). 

Applying the theorem of this section, we now see that any solution 
u{x, X) of (29) must have a zero in every interval of length ir/k or ir VlO/ Vx 
throughout which x '^ a. Hence as X increases indefinitely the number 
of roots of u{x, X) in (ab) increases indefinitely. 

This example is sufficient to illustrate the nature of the theorem of 
this section as regards its use in treating oscillation problems for certain 
interesting special cases of differential equations of any order. It sug- 
gests an investigation the carrying out of which the author reserves for a 
future occasion. 

University of Illinois, 
December, 1916. 



